Randomization of transmission power in ALOHA access control for wireless networks is introduced and analyzed. It is shown that the power randomization, introduced appropriately, leads to a substantial throughput improvement and to elimination of the bistable behavior.
INTRODUCTION
Dynamic control of ALOHA for the purpose of increasing its throughput and eliminating the bistable behavior has been the topic of a number of publications, [l] - [5] . In parallel, for systems with capture capabilities, the improvement of ALOHA has been addressed on the basis of power control schemes, [6], [7] . In this paper, we consider the randomization of the transmission power as a tool for improving performance of ALOHA in an access channel of a wireless network with the base station having the capture capability. More precisely, we consider the access channel defined as follows:
(a) It is a collision channel with zero propagation delay; the network consists of 1 << M < 00 users communicating through this channel. (c) Every user has a single buffer capable of storing one access packet; a user generates an access packet with probability pa during each time slot [ n , n + 1).
Since only one packet can be successfully transmitted across the collision channel during a time slot, to avoid triviality, it is assumed that M p , 5 1.
(d) If an access packet is generated during time slot [n, n + 1) by a user having its buffer full, the newly generated packet is rejected; otherwise, it is stored in the buffer.
(e) If a positive acknowledgment is received by an active user at time n + 1, the access packet transmitted during time slot [n, n + 1) is eliminated from its buffer.
(f) There is no performance degradation due to the near-far effect.
(g) Every user that has a packet attempts a transmission at the beginning of time slot [n, n + 1) with probability p using the transmission power which is chosen randomly according to the uniform distribution in the domain [Pmin, P,,,]. 
:2 DYNAMIC EQUATIONS
Let h ( n ) be the number of users having a packet in their buffers at time n. Due to the assumptions formulated above, the evolution of h can be characterized The sequence $(n + l), n = 0, 1, ..., represents the process of a packet transmission. The event $(n + 1) = 1 means that a successful transmission has occurred during [n, n + 1); the event $(n + 1) = 0 implies no successful transmission has occurred during [n, n+ 1). Let p c ( k ) denot,e the probability that one user among k active users is captured by the base station due to the power difference. Then, due to assumption (h), p c ( k ) is (see the Appendix for the derivation):
dX (3)
Therefore, from assumption (g) and (3), Thus, the performance of the network is described by the nonlinear, stochastic, finite difference equations (1)-(4). In general, analysis of these equations is difficult. However, the asymptotic technique of [lo] can be employed in order to obtain a relatively simple analysis procedure.
ASYMPTOTIC APPROXIMATION
In terms of the normalized variable x = h / M , equation
(1) can be rewritten as
where, due to assumption (a), & = E << 1. To simplify this equation, we use the asymptotic theory of [lo] . This theory allows one to convert the stochastic finite difference equation (5) into a deterministic finite difference equation with the right hand side equal to the conditional expectation of the right hand side of (5), calculated using the probability mass functions (2) and (4). As it is shown in [lo], if 6 is sufficiently small (i.e., in the case under consideration, the number of users is sufficiently large), the solutions of the original equation (5) Next, we construct the asymptotic approximation of' (5) by taking the conditional expectations of both random sequences in its right hand side:
+ 1) = y(n> + 4 1 -y(n))Mpa -%/(n))l, (6) where
F ( y ( n ) ) = My(n)p(l -p)My(n)-'
Since, as it follows from [lo], the solutions of (5) and (6) are €-close to each other in probability, the simplified equation (6) constitutes the basis for the analysis presented below.
PERFORMANCE ANALYSIS
Steady States: Let yS denote the steady state value of the averaged normalized occupancy of the buffers in the network. Then, from (6), we obtain (1 -ys)Mpa = F ( Y~) * (8) The left hand side of (8) is referred to as a load line and the right hand side of (8) (5) and ( 6 ) are close to each other in probability on the infinite time interval. Therefore, the performance of the network for all t can be characterized by the properties of (6) . This means that the network under consideration has the following performance characteristics:
1) The steady state throughput, TP, is where ys is the solution of (8) and F ( . ) is defined in (7) . Thus, the steady state throughput is the ordinate of the intersection of the load line and the transmission line, and the steady state number of busy users is the abscissa of this intersection (see Figure 1) .
2) The steady state time delay, T D , as it follows from Little's law, is
3) The steady state probability of call rejection, P R , is
which is due to the fact that y8 represents the number of busy users.
If (8) has multiple solutions (i.e., the load and the transmission lines have more than one intersections), the global analysis of PR, T D , PR can be conducted using the large deviations approach to characterize the residence time of ( 5 ) in the domains of attraction of all asymptotically stable steady states of (6), using the theory of [12] (see also [5] ). Figure 1 , the relative capture power may lead to the stabilization of the unstable ALOHA, i.e., to the elimination of the bistability and to stabilization of the network in a unique steady state with a relatively high throughput. The following theorem quantifies this effect.
Elimination of bistable behavior. As it follows from

Theorem: Consider a network defined by (a)-(h).
Then there exist MO and p such that the network, with M 2 MO satisfying the condition
where s1 = {y E [*,1] :
globally asymptoticafiy stablzteady state. 
Proof:
CONCLUSIONS
Power randomization in ALOHA access channel of a wireless nebwork leads to an improvement of the steady state throughput and to elimination of the bistable behavior. These effects are quantified by relationships (9) (steady staiie throughput), (10) (steady state time delay), and (11) (probability of call rejection). Figure l illustrates these performance measures. In addition, the stability area, as a function of the input calls intensify (pa) and the relative capture power (p), is quantified by inequalities (12) and (13) and is illustrated in Figure 2 . Thus, power randomization may be viewed as a potentially productive tool for improvement of performance in wireless networks.
Appendix: Derivation of Formula (3)
Let { P I , P 2 , ..., PI} be a set of 1 real numbers where Pi = Pmir, + in, i = 1,2, ..., I, A is an arbitrarily small positive constant, and PI = Pmax. Assume that every user having a packet attempts a transmission with probatbility p with the randomly and equiprobably chosen power whose value belongs to the set {PI, Pz, ..., PI}. Let 1, be a positive integer such that Pcap = lcA and let Pc(k) denote the probability that one user xmong k active users is captured due to the power difference based on the above assumption. Then 
